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1. Introduction

Most rocks have complex microstructures, which are regarded
as the most important factor in determining their mechanical
properties and transport behaviors [1,2]. Moreover, to obtain the
microstructure of material is one of the intrinsic interests of
scientists. For instance, two Nobel Prizes were awarded for the
inventions of X-ray Computed Tomography (CT) and Scanning
Electron Microscope (SEM). In geosciences and geomechanics,
these devices have been used to obtain the microstructure of
geomaterials for different purposes, e.g. the study of fracturing in
granite by Ichikawa et al. [3], the investigation of thermally
induced microcracks in concrete by Wang et al. [4], the character-
ization of shale rock properties by Josh et al. [5], and the analysis of
energy dissipation in Gosford sandstone by Sufian and Russell [6].
However, the SEM and X-ray CT are not perfect, besides being
expensive and time consuming, there are limitations. The SEM can
only get the surface image, and the X-ray CT is usually only
applicable to small-size specimens when the resolution is high.

Recently, a possible solution has been developed to reconstruct
the microstructure model of a porous media based on its mor-
phological information, and it is called stochastic reconstruction
[7]. The stochastic reconstruction is capable to reproduce a large
number of microstructure models for a material at little cost.
Moreover, using the method, it is possible to generate a micro-
structure model of large size under high resolution. The principle
of the stochastic reconstruction is straightforward and easy to
understand. The reconstruction is treated as an optimization
problem where the microstructure model is the target variable
and the difference between the morphological description curves
of the target material and the reconstructed microstructure model
serves as the target function. The goal is to find the best solution to

minimize the target function. The simulated annealing method has
been widely used as an optimization method [7–9], and the two-
point probability function, lineal path function, and multiple-point
statistics function are commonly adopted as the morphological
descriptor [10–13]. Stochastic reconstruction has been used to
generate microstructure models of different materials, e.g. disper-
sions by Rintoul and Torquato [14], Berea and Fontainebleau
sandstones by Manwart et al. [15], chalk by Talukdar and Torsaeter
[16], and other heterogeneous materials by Jiao et al. [17].
However, in these works, the morphological description curve is
simply obtained from 2D images of the corresponding material
[9,16–19]. Whether the morphological description curve can
reflect the 3D morphological information of the target material
is not verified. Moreover, the reconstructed microstructure models
have not been validated against the real microstructure of the
material.

In this paper, the stochastic reconstruction is adopted to generate
the microstructure model of the Gosford sandstone. The proposed
method is illustrated in Fig. 1. The surface image of the Gosford
sandstone is captured using a digital microscope. The relationship
between the morphological description curves of the 2D image and
the 3D model is studied based on the X-ray micro-CT data of the
Gosford sandstone. Then, the simulated annealing method is used to
generate the microstructure of the Gosford sandstone. The recon-
structed models are compared with the X-ray micro-CT model. The
main contributions of the present work are: the employment of a
digital microscope to obtain the surface image; the derivation of the
3D morphological distribution curve from the 2D surface image, and
the verification of the reconstructed microstructure model. From our
study, it is concluded that the stochastic reconstruction procedure is
reasonably good to generate the microstructure model for Gosford
sandstone.
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2. Stochastic reconstruction

2.1. Two-point probability function

In this paper, the porous media is considered as a two-phase
mixture consisting of the solid and pores, and it is represented by a
binary phase function Ið r!Þ as

Ið r!Þ¼ 1; r! is in the pore phase

0; r! is in the solid phase

(
ð1Þ

where r! is the spatial position of a point in the porous media.
The two-point probability function is the most widely used

morphological descriptor in the stochastic reconstruction, which is
written as

S2ð r!i; r
!

jÞ ¼ 〈Ið r!iÞU Ið r!jÞ〉 ð2Þ

where 〈 〉 denotes the statistical average (probability) of two points
in the pore phase at positions r!i and r!j. For a macroscopically
homogeneous and isotropic porous media, S2ð r!i; r

!
jÞ only

depends on the length, u, of the lag vector u!¼ r!j� r!i between
the two points. Thus, the two-point distribution function can be

further simplified as

S2ðuÞ ¼ 〈Ið r!iÞU Ið r!iþ u!Þ〉 ð3Þ

In the stochastic reconstruction, a porous media is usually
represented by a digitalized model. The two-point distribution
function of a digitalized model can be calculated as

S2ðuÞ ¼
∑∑Ið r!iÞU Ið r!iþu e!jÞ

D∏Li
ð4Þ

where r!i represents a pixel in the interested domain, u is length
of the lag vector, e!j is the unit vector, D is the dimension of the
porous media, and Li is the size of the domain (in pixels). It should
be mentioned that when the periodic boundary condition is
considered, the second pixel ( r!iþu e!j) will return to the start
boundary ð r!iþu e!j�LjnÞjj ¼ jn when the point moves beyond the
end boundary, with the same normal direction e!jn

The two-point probability function S2ðuÞ can be viewed as a
curve that represents certain morphological information for a
porous media. In stochastic reconstruction, the two-point prob-
ability function is widely used due to its ease of implementation
and high computational efficiency. In this paper, it is adopted as

Fig. 1. Illustration of the stochastic reconstruction for Gosford sandstone.
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the morphological descriptor for the reconstruction. There are also
other available morphological functions for stochastic reconstruc-
tion, and details can be found in, for example, [8,9,12,13].

2.2. Stochastic reconstruction based on the simulated annealing
method

The procedure of stochastic reconstruction based on the
simulated annealing method is briefly introduced as follows. The
target function is defined as

E¼ ∑
umax

u ¼ 0
ð ~S2ðuÞ�S2ðuÞÞ2 ð5Þ

where E is the system energy, S2ðuÞ is the morphological distribu-
tion curve (two-point probability function) of the reconstructed
model, ~S2ðuÞ is the morphological distribution curve of the target
material, and umax is the maximum lag length which can be
determined by accounting the size of the interested domain, the
accuracy of the morphological representation and the computa-
tional efficiency. In this work, it is taken as one to two tenths of the
size of the domain.

There are two stages of iterations in the stochastic reconstruc-
tion. The first one is the internal phase exchange based on the
Metropolis algorithm without updating of the system tempera-
ture:

p¼ 1; ΔEr0
e�ΔE=kBT ; ΔE40

(
ð6Þ

where p is the probability of accepting the exchange, ΔE is the
change of system energy due to the phase exchange, kB is
Boltzmann's constant, and T is the temperature of the current
system.

The second one is the Markov chain iteration, which updates
the system temperature according to

T ¼ T0eðλ�1Þðmþ1Þ ð7Þ
in which T0 is the initial temperature of the system, λ is the
reduction parameter of the system temperature and m is the
current number of Markov chain. The reduction parameter λ is
estimated by

λ¼ Max λmin; Min λmax;
Emin

E

� �� �
ð8Þ

where λmin ¼ 0:2, λmax ¼ 0:8, and Emin and E are the minimum and
average energy in each Markov chain, respectively.

The Markov chain number m is given by

m¼N=Ne ð9Þ
where N is the total number of iterations, and Ne is Markov chain
length which has significant influence on the convergence. For the
reconstruction of geomaterials, Ouenes et al. [20] suggested that
Ne should be 100 to 300. In this paper, Ne¼200 is used.

Generation of the initial model is as described as follows. The
first step is to generate a random model with the specific porosity.
The phase properties of two pixels are randomly exchanged and
the probability of accepting the exchange is p0. The exchange is
repeated for N0 times. Then, the initial temperature can be
calculated as

T0 ¼ � ΔEsum
N0Inðp0Þ

ð10Þ

With the initial model and its parameters ready, the model is
iterated until the system energy is less than a specified value, e.g.
1�10�5. Therefore, the morphological curve of the reconstructed
model approaches the target one, which guarantees that the
reconstructed model has similar morphological information as

the target material. More details on the implementation and
determination of parameters in the stochastic reconstruction
based on simulated annealing method can be found in [16].

3. Quantitative morphological measurements of porous media

3.1. Porosity and specific surface

In stochastic reconstruction, the porosity φ is defined as the
probability of finding a point in the pore phase. It also can be
represented as the first statistical moment of the phase function
Ið r!Þ and is equal to the two-point probability function when u¼ 0.

φ¼ S2ð0Þ ð11Þ

Another relationship between the porosity and the two-point
probability function is [8]

φ2 ¼ S2ð1Þ ð12Þ

The specific surface, s, is defined as the interfacial area per unit
volume between the two phases. It can be used to evaluate how
accurately the pore-solid interface has been reproduced. In the
stochastic reconstruction, the specific surface is calculated as [9]

s¼ �ðd=duÞS2ðuÞju ¼ 0

2D
ð13Þ

where D is the dimension of the reconstructed model.

3.2. Local porosity distribution

The local porosity of the reconstructed model is defined as the
porosity within a cubic box of side length l centered at position r!.
It is given as

φð r!; lÞ ¼ 〈Ið r!Þ〉M ð14Þ
where M refers to the operation domain, which is of the size
½i� l=2; iþ l=2�; ½j� l=2; jþ l=2�; ½k� l=2; kþ l=2� when the measure-
ment box is centered at r!¼ ði; j; kÞ. To achieve statistically accu-
rate portrait of the local porosity distribution, the measurement
box is moved from left top corner (l/2, l/2, l/2) to right bottom
corner (Lx� l/2, Ly� l/2, Lz� l/2) by one pixel each time. Then, the
local porosity distribution for a box with a side length of l is
evaluated by dividing the number of boxes with porosity in a
certain interval ðφ;φþΔφÞ by the total number of boxes. The local
porosity distribution function can be described by [16]:

μðφ; lÞ ¼ 1
n
∑
r!
δðφ�φð r!; lÞÞ ð15Þ

where

δðφ�φð r!; lÞÞ ¼ 1; if jφ�φð r!; lÞjrΔφ
0; otherwise

(
ð16Þ

and n is the total number of measurement boxes.

3.3. Local percolation probability

In stochastic reconstruction, the local percolation probability is
defined as the probability of finding a cubic measurement cell
Moð r!; lÞ that percolates in orientation, o. It is expressed as [21,22]:

PoðlÞ ¼
1
n
∑
r!
Λoð r!; lÞ ð17Þ
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where

Λoð r!; lÞ ¼ 1; if Moð r!; lÞ percolates
0; otherwise

(
ð18Þ

The function Λoð r!; lÞ can be evaluated using a burning algorithm.
First, a fire is set at the pore pixel; the fire then propagates to the
neighboring pixel where pore pixel is presented; finally, the fire
distinguishes until no neighboring pore pixel can be detected. The
process is repeated until all the pore pixels are visited. When the
burning process is completed, all the pore clusters are labeled with
different fire numbers. The measurement cell is percolated in orienta-
tion o if the same cluster numbers are found on opposite sides of the
measurement cell in direction o. It means that there exists a path
within the cell along orientation o. After all the measurement cells
have been visited, the local percolation probability can be measured by
using Eq. (17).

4. Morphological description of the Gosford sandstone

4.1. Relationship between 2D and 3D morphological descriptions

X-ray micro-CT scanning with a spatial resolution of 5 μm was
conducted on the Gosford sandstone by Sufian and Russell [6]. As
shown in Fig. 2, a spatial cube of 600�600�600 pixels
(3�3�3mm3) is extracted from the original X-ray micro-CT model
by Sufian and Russell [6], which is used to investigate the relationship
between 2D and 3D morphological description curves of the Gosford
sandstone. The binaryzation of the X-ray micro-CT data is done by
adjusting the threshold value based on the porosity of the Gosford
sandstone which is reported as 19% [6]. The areal porosity of each 2D
CT slice image is shown in Fig. 3. The areal porosity of the CT slice is
mostly different from the 3D porosity. The morphological description
curves of 2D and 3D models are also different (see Fig. 4). It is found
that the morphological description curve of a 2D slice image is close to
that of the 3D model when the areal porosity is near the 3D porosity.
Therefore, the specific surface image with areal porosity equal to the
3D porosity can be used to extract the 3D morphological description

Fig. 2. Sample drilled for X-ray micro-CT scanning and region of interests selected for analysis. (a) Gosford sandstone specimen [6] and (b) X-ray micro CT model.

Fig. 3. Areal porosity distribution of the X-ray micro-CT model.

Fig. 4. Morphological description curves of different CT slices.
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curve for the stochastic reconstruction. However, it is difficult to find
this specific image in practice. One alternative solution is to modify the
areal porosity by adjusting the threshold value if the surface image is
in a gray format. The rough range of the threshold value is usually
determined between two peaks of the histogram of the gray values,
e.g., [16]. However, in their work, the morphological description curve
from the slice image is simply adopted for reconstruction without
further comparison with the corresponding 3D one. To quantify the
difference between the 2D and 3D morphological description curves,
an index, Ω, in the same form as the system energy in the stochastic
reconstruction is used:

Ω¼ ∑
umax

u ¼ 0
ðS3D2 ðuÞ�S2D2 ðuÞÞ2 ð19Þ

To verify the method, the original CT slice images with the
highest and lowest porosities as shown in Fig. 4 are processed. The
results are presented in Fig. 5, which prove the applicability of the
method. In this method (named method 1), only the porosity and
2D image of the porous media are required, and they are easy to
obtain. The shortcoming is that changing the areal porosity of a
surface image may influence its original morphological informa-
tion. For instance, if a surface image with low areal porosity is
adjusted to a very high porosity binary image, more pores will be
generated and connectivity between pores will be influenced as
well. Moreover, the method is not applicable when the surface 2D
image is already in the binaryzation form.

Another solution is introduced, which is called method 2 in this
paper. According to Eqs. (11) and (12), we have

S3D2 ð0Þ�S2D2 ð0Þ ¼φ3D�φ2D ð20Þ

S3D2 ð1Þ�S2D2 ð1Þ ¼φ2
3D�φ2

2D ð21Þ

If umax is large enough, the following relationship stands

S3D2 ðumaxÞ�S2D2 ðumaxÞ6φ2
3D�φ2

2D ð22Þ

Then, the relationship between 2D and 3D morphological
distribution is assumed to satisfy the following equation

S3D2 ðuÞ ¼ S2D2 ðuÞþðφ3D�φ2DÞwðuÞþð1�wðuÞÞðφ2
3D�φ2

2DÞ ð23Þ
where wðuÞ is the weight function which is estimated from the
normalized 2D correlation function as

wðuÞ ¼ S2D2 ðuÞ�S2D2 ðumaxÞ
S2D2 ð0Þ�S2D2 ðumaxÞ

ð24Þ

Eq. (23) can directly derive the 3D morphological distribution
curve from the 3D porosity. The merit of method 2 is that no
digital image processing is required, and the binarized slice image
can also be used. Fig. 6 shows that the derived 3D morphological
distribution curves for the binarized slice images are close to the
3D one, which shows the effectiveness of method 2.

4.2. Surface image of the Gosford sandstone

A digital microscope with a magnification ratio up to 600� is
used to capture the surface image of a Gosford sandstone speci-
men (see Fig. 7a). The top surface of the specimen is milled into a
flat plane. Carbon dust is poured to fill the pores, and redundancy
dust is wiped off the surface to give a processed surface (see
Fig. 7c). The carbon dust treatment can decrease the influence of
mineral components on pore identification, and is necessary to
obtain the 2D porosity structure. Fig. 7e shows the surface image
obtained from the digital microscope. The pixel resolution is
5.5 μm, which is fairly good compared to the X-ray micro-CT
scanning used in [6]. It should be mentioned that the cost for a
digital microscopy is only about 50 Australian dollars.

Four surface images of the Gosford sandstone specimen are
captured (see Fig. 8). The region of interest is 3�3 mm3. The 3D
morphological description curves from these images are derived
by using the two methods presented in Section 4.1. The discre-
pancies between the derived curve and that from the X-ray micro-
CT model are shown in Table 1. Both methods can provide a
reasonable 3D morphological description for the Gosford sand-
stone. It should be mentioned that the surface of the Gosford
sandstone specimen may be partially damaged during the milling
process. The results in Table 1 show the robustness of the method
in acquiring the morphological description of the Gosford
sandstone.

5. Stochastic reconstruction of the Gosford sandstone

5.1. Reconstruction based on the X-ray micro-CT model

In this section, the morphological distribution curve obtained
from the X-ray micro-CT model is used. Four reconstructed models
are shown in Fig. 9. The stochastic reconstruction can reproduce
models for different microstructures with local porosity distribu-
tion and local percolation probability close to the original X-ray
micro-CT model (see Fig. 10). To quantify the difference betweenFig. 5. Derived morphological description curves of the CT slices (method 1).

Fig. 6. Derived morphological description curves of the CT slices (method 2).
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two curves, an error index is defined

Err¼Max jCT�reconstructedj
MaxðCTÞ � 100% ð25Þ

Fig. 7. Process of the surface image acquisition for the Gosford sandstone. (a) Sandstone specimen, (b) Carbon dust, (c) Surface filled with Carbon dust. (d) S04-600X Digital
Microscope and (e) Microscope of the specimen surface.

Fig. 8. Obtained surface images of the Gosford sandstone specimen.

Table 1
Difference between the morphological description obtained from surface images
and that of the micro-X-ray CT model.

Ω Image A Image B Image C Image D

Method 1 0.00025 0.00090 0.00030 0.00034
Method 2 0.00050 0.00090 0.00026 0.00030

Fig. 9. Stochastic reconstructed models based on the 3D morphological description
curve from the micro-X-ray CT model.
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Results of the error analysis are listed in Table 2. It can be seen
that, the morphological measurements of these reconstructed
models are close to the X-ray micro-CT model.

5.2. Reconstruction based on the surface images

In this section, the derived morphological distribution curves
from the surface images captured by the digital microscopy are
used. Fig. 11 shows the local porosity distribution and local
percolation probability of reconstructed models using method 2.
It shows that the reconstructed microstructure models based on
the surface images can also give reasonably good results. The
results of error analysis performed on the reconstructed models
from 4 surface images based on method 1 and method 2 are listed

in Table 3. The average error of the local porosity distribution at
cell side length of 180 μm is reported as less than 4%, and a error of
around 10% is presented in the measurement of local percolation
probability, which shows the effectiveness of stochastic recon-
struction from surface images. In practice, the specific area can be
an input value, obtained from other experiments. If the specific
area is given, the distribution curve from surface images that gives
the best fit can be used in the stochastic reconstruction (case D of
this example).

Fig. 10. Quantitative measures of the reconstructed models based on the X-ray
micro-CT model. (a) Local porosity distribution at cell side length of 180 micros and
(b) local percolation probability.

Table 2
Quantitative morphological description of the stochastic reconstructed models
based on the micro-X-ray CT model.

Case
no.

Specific area
Err (%)

Local porosity
distribution Err (%)

Local percolation
probability Err (%)

1 5 2.07 11.13
2 5 1.59 16.48
3 5 1.64 15.59
4 5 1.19 16.26
Average 5 1.62 14.87

Fig. 11. Quantitative measures of the reconstructed models based on the surface
images. (a) Local porosity distribution at cell side length of 180 micros and (b) local
percolation probability.

Table 3
Quantitative morphological description of the stochastic reconstructed model based on
the surface images by using method 1 and method 2 (“A, B, C, D” refers to id of the
surface image in Fig. 8, “1” and “2” represent method 1 and method 2 respectively).

Case no. Specific area Local porosity
distribution

Local percolation
probability

Err (%) Average Err (%) Average Err (%) Average

A1 23.51 20.09 3.74 3.07 7.05 10.50
B1 33.19 5.75 5.96
C1 13.31 1.62 15.00
D1 10.35 1.17 14.00

A2 30.82 24.12 5.56 3.50 5.37 7.53
B2 31.86 4.45 4.33
C2 21.05 2.53 7.98
D2 12.76 1.47 12.45
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It should be mentioned that the Representative Element
Volume (REV) of the Gosford sandstone for the stochastic recon-
struction is smaller than a cube with size of 600 pixels (3 mm). The
stochastic reconstruction is also used to generate models with size
of 3.75�3.75�3.75 mm3, 4.5�4.5�4.5 mm3, 5.25�5.25�
5.25 mm3 and 6�6�6 mm3. In our test, a computer with Intel
Core i7 960 3.20 GHz and memory of 8 GB is used. The program
runs in a 64-bit version of Windows 7 with Matlab 2012. The
reconstructed models and the corresponding simulation time are
summarized in Fig. 12. This example demonstrates the capability
of stochastic reconstruction in reproducing models of arbitrary
large size with only a small observation domain. However, the
computational requirement is demanding when the model size
becomes large. This issue will be addressed in future research.

6. Conclusions

The stochastic reconstruction of Gosford sandstone from its
surface image is conducted. A digital microscope is adopted to
capture surface images of the Gosford sandstone specimen where
the carbon dust treatment on the surface is introduced. The 3D
morphological distribution curve is derived through a porosity
adjustment of the 2D surface images. It is found that the derived
morphological curves are close to that from the X-ray micro-CT
model. By comparing all the stochastic reconstructed microstruc-
ture models with the original X-ray micro-CT model, it is shown
that the reconstructed models can successfully reflect essential
morphological information of Gosford sandstone.
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